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spin-1/2 chain
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Physics, Tongji University, Shanghai 200092, People’s Republic of China
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Abstract. Making uée of permutation group technique, the eigenvalue problem of
Heisenberg spin-+ chains can be solved. Especially the ground state of the antiferromag-
netic chains can be easily written.

A large body of literature on the Heisenberg spin-; chain has now appeared, and has
presented many techniques to solve its eigenvalue problems [1]. In the present letter
we develop another method which is completely based on the permutation group
theory. This method possesses three main characteristics:

(1) It is easy to write the ground state of the antiferromagnetic chain. We know
that it is difficult in the Bethe Ansatz method. '

(2) It is easily translated into programs, and computer facilities can be well
utilized.

(3) It can be conveniently extended to the spin-1 chain and g-deformed chain, and
s0 on.

The Hamiltonian of this model is given by

N—-1

H=J2 Sk * Skt (1)

k=1

Defining total spin operators S, and 5.

N N ' '

Si= s Se= si. ' )
k=1 k=1

They generate SU(2) algebra and satisfy
[, S,]=0 [H, S.]=0. G3)
It is well known that (1) can be rewritten as

1 N=1 -

H=;J§ @p—1) 4)
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where p,(k=1,2, ..., N—1) are the generators of the permutation group Sy, which
is related to s, - ;4 Dy

D=3 (1+4s, - 5.1). ()]

To our knowledge, there is no further development for solving (4) with the help of the
Sy technique.

According to the U(g) asnd Sy group theory, the basis vectors can be expressed as
[2,3]

| Y wifhy, 6

Here [f]=[f.fo, - - - . f], the 1, 5, . . . , f; are g integers and a partition of N obeying
h=fh= - =f,and fi+f,+ - - - +f,=N. We can introduce a graphical representation
(Young diagram) of the partitions: a Young diagram consists of N boxes arranged
with f, boxes in the first row, f, boxes in the second row and so on. Such diagram labels
an irreducible representation of the groups Sy and U(g). YV represents a standard
Young tableau (SYT). A SYT is an arrangement of the numbers 1,2,...,Nin a
Young diagram in which the numbers increase as we read from left to right in each
row and as we read down in each column. And the r(r=1,2, . . ., dim([f]) is an index
of syT which represents a possible filling of the numbers 1,2, . .. Nin a [f] according
to the above rules. For example,

1{3|4 1|24 112(3
Y= Y= Y=
2 3 4

Wil represents a standard Weyl tableau (swt) which can be constructed by writing the
g numbers 71y, My, . . . , M, in the Young diagram correspondong to the above [f]. The
filling rules are as follows:

(1) The same m value may not appear in any single column, which means that the
Young diagram can be characterized only by a partition with at most g rows.
For example, in the case of SU(2), g=2, then [f]=[N—n,n] or [N].

(2) The m values must in increasing order (based on a presumed order: first all the
ms, then m;s, and so on) as we read from left to right in any row and from top
to bottom in any column. For SU(2), m= 1 and | (or+% and —%), thus the
Weyl tableau are

From (3) we know that we can diagonalize the H in the set of basis vector (6) with
a fixed Weyl tableau, i.e. the states with the same total spin S=(N—2r)/2 (same
Young diagram) and different §, values (different Weyl tableau) are degeneracy.
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Accordingly we can take a particular Weyl tableau in which all boxes of the first row
are filled by |, those in the second row by | , i.e. the so-called highest weight state
of SU(2),

ey = [S=(N—2m)2,5=5) )

According to the standard theory of Sy, the non-vanishing matrix elements of the
transposition p, acting in the syts are as follows:
(1) the diagonal matrix elements are

(Y'F'F”Pﬂ Y= 1/dy x4i(7) (82)

(2) the non-diagonal matrix elements of p, between two states | ¥¥)) and | Y1)
have a non-vanishing value only if the positions of k and k+1 are interchanged in
going from the tableau r to the tableau s, in which case

(YU o] Y1) = (1 = 1/ (dp k1)) (8b)

The integer dy r.i{r) is the ‘axial distance’ of k and k+1 in the tableau r, and is
defined as

dy p+1(r) = col(k + 1) — col(k) — row(k + 1) + row(k) 9

where col(k) and row(k) are the column and row numbers of the kth number in
tableau r, respectively.

Due to the limitation of the space, here we only discuss the cases n=1 and n=0.
The aim is to show the main points of our method. The general discussion will appear
elsewhere.

For n=1 there are N — 1 different Young tableaux corresponding to a fixed Young
diagram. So the basis vectors (6) become

113]..... N

|yt s, 8= ||2 ' 38,8

[y-ris, = ||3 ;.5
(10)

| 1l2]..... Nl' )
YRS, 8= |V .58 ‘ N'=N-1

YR8, )= ||N 58S
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Notice that now the index r is equal to x — 1, the x is a number filling the box of the
second row in (10).
Using the standard technique of Sy, every state in (10} can be rewritten as

YO N N N AN B 23 S SRS W i T SR ¥ [ A M i o B

wherethe |1 { ... 1 1 1), ...,isapossible arrangement of the up and down spin
in the same chain. The coefficients a4y, @, . . . , ay can be easily obtained by means of
the standard technique of Sy.

Making use of (8) and {9) the matrix

N—-1 N-1
M (Z Pk) of 2 Pr
k=1 k=1
in the basis vectors (10) can be written as

M(E_ pk)=N—3+M(N) (11a)

-1/2 V312
V32 =123 V83
V83 —1/3-4

M(N)= : . . (118)

—1/N"-N' (NZ2=1)"*N'
(NrZ_l)l.fZ/N! NYIN'
where N'=N-1, N"=N-—2. It can be shown that
(a) Trace (M(N)}=0,
(b) Making use of

det(M(N)) = (N —2)Ay—af (N~ 1) — (N*— 2N) Ay o/ (N— 1) N=3

and
Ap=—Ap Jlk(k+ 1) — (K — 1A,/ K? k=2,3,...,(N-2)
Ap=1 A=-1/2
we obtain
det(M 0 if N=2; even integer numbers
et(M(N)) = (—N-12 if N=3; odd integer numbers. a2
Let i(k, N)(k=1,2, ..., N—1) represent the eigenvalues of M(N), then
N-1 N—-1
> Ak, N)=0 [ [Atk, N)=det(M(N)). (13)
kel k=1

Since 2 cos (kn/N)(k=1,2, ..., N—1) also satisfy the same relation as (13), we can
write

Ak, N)=2cos (ka/N) k=1,2,...,N—-1. (14)
This means that the eigenvalues are

IE(k, N)=4H{(N-5)+4cos (ke/N)} k=1,2,...,N-1. (15
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This result isin agreement with [4, 5] if A=1 and p, p* =01in [4], which means that our
method is reasonable. Notice that the physical implication of quantum number & here
is very different from that in [4, 5]. Our & is only the index of syts. Another strong
point of our method is that the states of the system may be written conveniently. For
J <0 and arbitrary N, the lowest state |L.s.) is

ILs)="> C|Yi*" 15, 5) ’ (16a)

where

7 2 |
€=z {[r(r_ 5y HABGK=1, N)/J—N+5]C,-1

2 2_2 112
..j.f_ﬂ_cr_z}

r—1
r=2,3,...,N—1. (16b)
The parameter C, can be determined by a normalized procedure. For example
(1) N=4; S,=5=1; 'E(1,4) — 04571
|L.sy=0.2706]¥T; 1, 1)+ 0.5981| ¥§; 1, 1)+ 0.7543[YP; 1, 1)
(2) N=35; S,=5=3/2; 'E(1, 5)=0.80907
[L.s.y=0.1625|Y1"; 3/2, 3/2) +0.3973| Y§Y; 372, 3/2)
+0.6029| Y1 3/2, 3/2) +0.6725| Y™, 3/2, 3/2)
(3) N=10; §,=5=4; E(l, 10)=2.20117
|L.sy=0.0306{ Y} 4, 4) +0.0848[ Y§Y; 4, 4)
+0.1580| Y¥U; 4, 4y + 0.2414| YPY; 4, 4)
+0.3248| YPY; 4, 4) +0.3977| Y¥Y; 4, 4)
+0.4503| YHY; 4, 43+ 0.4747] YFY; 4, 4)
+0.4656]Y5"; 4, 4)

For n=0, $=N/2 and the Young tableau is unique, (1| 2|....[N—1[N| The
eigenenergy and the lowest state, are, respectively

OE(N)=J(N—1)/4 (17)

iLsy=| [1]2]3]...In ;NlZ,NlZ) : (18)

The general case (n#0,1) eigenenergies and éigenstates can also be given.
Further discussions will be reported in later papers, especially the relations between
the ground state |g.s} and the Neel state in antiferromagnetic spin chains.

This work was supported by the National Natural Science Foundation of China. The
authors would like to thank our colleagues for helpful discussions.



L886 Letter to the Editor

References

{1] Fradkin E 1991 Field Theories of Condensed Matter Systems (New York: Addison-Wesley)

2] Moshinsky M and Quesne C 1970 J. Math. Phys. 11 1631

[3] Hammermesh M 1964 Group Theory and lis Application to Physics Problems (New York:
Addison-Wesley) .

{4} Alcaraz F C er af 1987 J. Phys. A: Math. Gen. 20 6377

[5] Bo-Yu Hou ef al 1991 J. Phys. A: Math. Gen. 24 2847



